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REFLECTION AT THE RESONANCE LAYER OF THE
FAST ALFVEN WAVE IN ION CYCLOTRON HEATING
C. Chow, V. Fuchs'), A. Bers
Plasma Ruiion Center
Maisachusetts Institute of Technology
Cambridge, Massachusetts, 02139
Abstract The power reflection coefficient for D(H), DT(3 He), and D( 3 He) ion cyclotron
heating is found in closed form. The fast wave equation previously solved numerically is
solved by a slowly varying amplitude expansion about the Budden equation asymptotics.
The coupling between the fast Alfven wave and the ion Bernstein wave is described by this
formalism. The dissipation associated with the ion cyclotron resonance is accounted for
by the slow variation. Validity criteria for this method are presented.
a) permanent address: Centre Canadien de Fusion Magnetique, Varennes, Qu6bec, Canada.
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I. INTRODUCTION
In ICRF heating a fast Alfven wave (FAW) is excited at the edge of the plasma. It
propagates in and encounters a resonance and a singular layer where it can partially trans-
mit, convert to a kinetic ion Bernstein wave (IBW), reflect, and dissipate some energy
into the plasma. This layer is termed a mode conversion region. Geometrical optics is not
valid in this region where abrupt changes of the mode structure occurs. In general the
problem can be formulated as an integro-differential or approximate, high-order differen-
tial equation and solved numerically'-'. However, in order to make predictions and to
better understand the scaling laws, closed form solutions of the scattering coefficients are
desirable.
Currently there has been an effort to 'order-reduce' the problem. The fourth or higher
order differential equations necessary to solve the problem are reduced to combinations of
lower order equations. By this technique, a first order differential equation has been found
that describes the transmission properties6 , and a set of coupled equations that can be
solved analytically has been found to give the conversion and transmission coefficients in-
cluding the effects of dissipation7 . An equation has also been found to model the reflection
and transmission of the FAW'. Thus far this second order differential equation known
as the 'fast wave approximation' has been solved numerically to find the reflection coeffi-
cient. The results of this equation have been shown to agree well with the results of other
investigators'. In this paper we find an approximate closed form solution for the reflection
coefficient. We thus, finally have closed form solutions for all of the scattering coefficients
using this order reduction technique. By an entirely different technique, Ye and Kaufman
have also produced an analytic solution for this problem'". Their published results are
for the pure second harmonic case and they have shown it to compare well with other
investigators. Their results for minority heating have not yet been published.
II. THE FAST WAVE EQUATION
We solve the fast wave equation given by
4e + q2 ( )( = 0, (1)
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where
2( ) =N2 1_ 'INrq( .N -(27+AN -- r+] (2)
N2 =AN (2 +AN) (3)
Mb
=RA Z( , (4)
w w B2W W 2 B___X-- RA= -- , =,CA (5)
CA CA jAonimi
Ro is the major radius, CA is the majority Alfven speed, M is the number of resonant
species. The parameters r, AN, ai, bi are particular to a given heating scenerio and are
derived from the corresponding dispersion relation. Section III will give examples for D(H),
D(3 He) and DT(3 He) heating. Equation (1) is precisely 'the fast wave approximation'
derived originally for D(H) heating8 and later generalized to other heating sceneriosg. To
unify the treatment for various cases, we have changed the notation. The connection
between this notation and the previous, as well as a derivation of the fast wave equation
is given in the appendix.
Figure 1 gives a sketch of the real and imaginary parts of q2 ( ). The real part looks
very much like a resonance broadened 'Budden' potential. The imaginary part has two
peaks for certain parameter regimes which will be specified later. The left most peak cor-
responds to the 'Budden' like potential. The other peak centered about = 0 corresponds
to the ion cyclotron resonance. For D(H) heating this will be the minority fundamental
which is degenerate with the majority second harmonic. For DT(3 He) heating the minority
fundamental is degenerate with the tritium (if present) second harmonic. The 'Budden'
part includes the effects of mode conversion to the ion Bernstein wave and any dissipa-
tion that may be present in that particular process. Therefore, to solve for the scattering
coefficients R and T of the fast wave equation (1), we approximate the potential q2( )
with a Budden potential, for which analytic solutions exist"1 . The ion cyclotron part is
then treated as a perturbation which effects a slowly varying amplitude on the asymptotic
Budden solutions.
3
We consider the cases for large and small argument of the Z function. Firstly, take the
large argument limit using the large argument expansion of the Z function in the potential.
This corresponds to a position far from the ion cyclotron resonance layer. This yields
q2(t) = N2 [1- ( t -IN ~-I IiV ]' (6)
where
7 =Ra> bi, (7)
i
ERA 3 e~ -i . (8)
Hence
Re q2 (e) =N2 - ( AN 7(7 + ) + 7 2 2  (9)
2T+AN (T+7) 2 +7r 22]
Imq 2  = b (10)
N(.r + -)2 + 7 202
where (3) has been used to simplify the expression.
Now consider the small argument limit to obtain the behavior near the ion cyclotron
resonance. In this case
q2 ( ) = N. 2 - ( 2 AN -C.a+)iv ](1
2r + AN (-,r - c ) + i f~E
where
a=2RA b. (12)
Hence
Re q2 ( ) = NC2 1 - ( 2 AN a (T - a) + 7E21 2r + AN (T + Ct )2 + r2
Imq 2( V7r\2 2 - (14)N (7+ a )2  6
From expressions (9) and (13) we see that the real part of the potential is well approximated
by the large argument expansion form even in the regions where only the small argument
expansion applies.
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The large argument form of q2 ( ) can be further simplified. The second term in the
denominator of the imaginary part (10) is always small and will be insignificant except
when 6 = ,. ~ -/r, which is the location of the 'Budden' resonance. Thus we substitute
this value of 6 into that term and into the numerator turning (10) into a Lorentzian. We
then replace the large argument form of q2 (6) (6) with
q 2(( N.2 1 + AN 7(15)
where e, is e evaluated at the resonance 6,.. One can verify that this gives the simplified
Lorentzian form of the imaginary part and well approximates the real part. This form
(15) of q2 (C) has the form of a complex Budden potential for which an analytic solution
is known. The ion cyclotron resonance is then treated as a perturbation on this potential.
The criteria for this procedure to be valid is given in section II. The fast wave equation
(1) becomes
1$ + N~ [1 + (TAN)(T -7+ v- + if(0)] 4 = 0, (16)
where the ion cyclotron perturbation is represented by if(e)Nc2. We will find later that
only the integral over f( ) is important, rather than the specific form. We make the
substitution a = Ne(-Tr - 7 + ivfre,)/r which yields
,,+ [1 + so + ig(s)]+ =1 0, (17)
where
N 3
so= (2T + AN) 2  (18)
and g(s) is N,2f( ) in the transformed coordinate. Note that s is complex and that so is
precisely the tunneling length for the transmission coefficient derived previously by various
means". Equation (17) without the perturbation is the complex Budden equation with
asymptotic solutions, IsI -- oo, given by White and Chen". We let the solution of (17) be
the product of the unperturbed solution l(s) and that of a slowly 'varying potential A(s)
so that 4)(s) = A(s)'I(s). We substitute this into (17), make the assumption A,, < gA
and obtain
2AT, + ig(s)xPA ~ 0. (19)
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From the White and Chen solution for sj > 1
~I- , (20)
the + and - signs refering to outgoing and ingoing waves respectively. Thus we find
A exp J g() da'), (21)2
and furthermore
T = e~"Oe-21, (22)
R = e-4&e~ 4"(1 - T 2)2, (23)
where
N.V'= V 7r2 , (24)
00
g9) d .(25)
0
IA comes from the cyclotron damping. The transmission coefficient has an extra factor of
exp(-2p) as compared with previous derivations" 8 . We will see in section III that so
always dominates / agreeing with the previous results. As mentioned, the exact form of
the IC resonance perturbation is not required but we must approximate its integral. We
do so with a simple approximation treating the IC resonance as a Lorentzian. We take the
small argument form (14), let E = eo ( e evaluated at ( = 0), and integrate over the result
to yield
7r A2
A N (26)
III. VALIDITY CRITERIA FOR THE APPROXIMATIONS
For the solution to be valid, two criteria must be satisfied. The first follows from the
condition that the ion cyclotron resonance and the 'Budden' resonance be well separated.
This is essential so that the ion cyclotron resonance can be treated as a perturbation
on the asymptotic solutions of the complex Budden equation. This will set a limit on the
maximum N11 allowed. The half width of the ion cyclotron resonance is given approximately
6
by = am, where am = max{ai} (necessary when two species are resonant). We thus set
this value equal to the position of the 'Budden' resonance for the first criteria. This yields
N< b. (27)
The second criterium should imply a slowly varying amplitude, A, < gA, which with
(21) gives
(28)
We will require both terms to be much less than unity. The maximum of g is given by the
peak of (14) and with the proper normalization it is
N2 (29)
where co is e evaluated at e = 0 An estimation of I(dg/ds)/2gj is not as straightforward.
For real argument of the Z function the imaginary part of q(C) 2 can be written as
Im q2 2N - (30r)2
N (-r + Re r)2 + 7r2 (30)
We observe that (30) will approach zero slower than (14) as |I gets large since Re P is
bounded and always increases at a rate slower than linear. Thus we can use (14) to obtain
an upper bound for the slope of g(s). If we let e = co than (14) is a simple Lorentzian with
an inflection point at (r + aC) = Freo /v3. This simple approximation is good enough to
give an order of magnitude estimation for the validity criteria. We use this approximate
form for g to obtain
1 dgI a(r + aC)
2g ds (r + aC) 2 +ire- (31)
Near the inflection point (31) is largest and is given by
I I (g) 1(32)
IV. EXAMPLES
We calculate results for test cases involving DT(3 He) for CIT, D(3 He) for Alcator
C-Mod, and D(H) for PLT. The parameters for the fast wave equation (1) are derived
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from the zero-electron-mass Vlasov-Maxwell local dispersion relation where the dielectric
tensor elements have been expanded to first order in (ki pj)2 (see the Appendix).
DT(3 He) and D(3He)
For these cases the parameters of the fast wave equation (1) are:
3 3 6
N = + 3+ 0- N' (33)
9 0 3 2
7 = + 2+ 8+ Ni, (34)
S= 47 + 4078HeN2, a, = Nii j.#/ RA, (35)
3
b 2 =8 TNc2, a2 = NII ViPRA. (36)
where
7 = e , = nT, = 2T, NII = klI C, (37)
nD nD Anc
where CA is the D Alfven speed. The reflection and transmission coefficients are then given
by expressions (22) and (23) with the following definitions:
,A NHe RA11 (38)
S= 4Nc E ,(8
V = c NRA E2 exp ( 2 ATN , (39)
80 NeoR AE -(0
(3 + 36/2 + 37/2 + N 2) 2 ' (40)
where
3 39 2+3 2E = -77 + -70Hc N +6 ,3HeN2, (41)
The ion temperatures have been set equal for simplicity. This would correspond to the
early stages of heating. In the latter stages of heating this may not be true and the full
expressions, keeping the temperatures separate should be used. The criterium (27) on Nil
is
1
NII < E, (42)
8
This constraint (42) ensures that so always dominates IA in the transmission coefficient
(22).
The slowly varying criterium is given by (28) with
A2 
-7HN
go - vN 23 ,l (43)
1 ~ V nR (44)2d o~ N, JHRA'
We observe that go is always small because of the constraint on Nil. For N1 < 2/RA/1j,
(44) is not small and the slowly varying criteria (28) is violated. However this does not
invalidate the theory. As N1 approaches zero, both the width and the amplitude of g(s)
also go to zero. For very small N 1, the perturbation due to g(s) is negligible so the the
full solutions to the fast wave equation are just the asymptotic Budden equation solutions.
Only when the wavelength of the FAW and the halfwidth of g(s) are of the same order does
the perturbation become significant. Taking aHe to be the half width of g(s) and 1/N to
be the wavelength gives the condition NII > 1/NcV' RA. Ne is of order unity so we see
that the slowly varying approximation becomes valid when the perturbation due to g(s)
becomes significant. In other words, for small N11 there is very little ion cyclotron damping
so we can ignore it. When the damping becomes important it is manifested as a slowly
varying amplitude. The validity of the theory is weakest during the transition between
negligible damping to when the slowly varying approximation is applicable. However, the
slowly varying criteria (28) is a local criteria while expression (44) is evaluated at the
inflection point of g(s) where the slope is at its maximum. The main contribution of g(s)
comes from near the peak where the slope is much flatter and thus the slowly varying
criteria is satisfied better than what (44) would suggest.
We calculate two CIT test cases with DT(-He) and an Alcator C-mod test case for
D(3 He).
1. CIT DT(3 He) Case 1
The parameters are: Ro = 2.1m, Bo = 10T, T = 20KeV, ne = 6 x 102 0 m- 3 , nD = nT,
nHe/ne = 0.05, f = 95MHz. From the N condition (42) we find N < .4 or kll <
28m- 1 . Figure 2 shows the reflection coefficient found by solving the fast wave equation
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(1) numerically and the closed form expression (23) plotted against kii. We see that there
is a good agreement. From (40) we see that so is large and always dominates 1 within
the range of allowable N11. For large so the transmission coefficient is negligible so R has
the simple form R = exp(-4(IA + v)). When T is very small it has been shown that the
conversion coefficient T is also negligible so we have the situation where D + R ~ 1, where
D is the coefficient of power dissipated. Therefore whatever is not reflected is damped. We
can analytically determine where the reflection coefficient falls to a half and the damping
begins to dominate. From (38) we find pL = 11N We set R = .5 and solve for N11. In
the range of relevent NiI, IA will dominate v so the equation is trivial to solve. This gives
NII ~ .12 or kl ~ 8m-' which corroborates with figure 2. T is small because RA E is very
large. Therefore by choosing parameters such that RAE is made much larger than unity
simplifies the scattering problem to that of reflection versus damping.
2. CIT DT(3 He) Case 2
The parameters are: Ro = 1.22m, Bo = 10T, T = 1OKeV, nD = nT, ne = 5 x
102 0m- 3 , nD = nT, nHe/ne = 0.05, f = 95MHz. The validity condition is NiI < .5 or
k1i < 33m-'. The numerical and analytical reflection coefficients are plotted against kIc
on figure 3. There is a fairly good agreement. We find so is large and dominates A. T is
negligible and we can find where R = 1/2. The calculation gives NiI ~ .23 or kI1 ~ 15m-'.
For this NII, Iy dominates v.
3. Alcator C-mod D(5 He)
The parameters are: Ro = .64m, Bo = 9T, T = 2KeV, n. = 5 x 10 2 0 m-3, nHe/n,
0.05, f = 80MHz. The validity condition is NI, < .5 or kI1 < 40m~'. See figure 4 for the
plot of the reflection coefficient. In this case the transmission coefficient is not negligible
but so still dominates 1. The analytical solution agrees with the numerical one.
D(H)
For a D(H) plasma we have
AN + -_N , (45)
1 77+7U
-r 3 + + N , (46)
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4 = a, = N V RA, (47)
b2 =, 2 = N1 IV/~HRA, (48)
where
nH , )3; = 2 , Nil = kil C. (49)
n miCA W
These then give
= NcRA(N3DN2 + 77)
1+ 377/8 + N2 (50)
7r X2 RAN 2
JA = (51)
N, (NC2 + 77/8H)
We note that 3 H is larger than PD by a factor of two for equal temperatures. The minority
H will also heat faster than the majority D. Thus in expression (24) for v we can neglect
the first term in e to obtain
yANZ RA(PD Ni +n)tn (3D N2 + 172
16,r2 N1, x2PHeN . (52)
The N11 condition (27) is
N11< LD NH( + . (53)
< ,v3D 4 4
This condition again ensures so dominates 1A in T (22).
The argument for the validity of the slowly varying criteria used for DT(3 He) and
D(' He) also applies to the case of D(H). We compute the reflection coefficient for a PLT test
case with parameters: Ro = 3m, Bo = 4T, T = 5KeV, n, = 4 x 10 1 m- 3 , nH/n, = 0.05,
f = 60MHz. This case requires N < .6 or ki < 23m~'. Figure 5 gives a plot of the
numerical and analytical reflection coefficients versus k1l. We find a reasonable agreement.
The transmission coefficient for this range of kii is small and so dominates pA. We find that
at k1i ~ 6m- 1, R ~ 1/2 and jy dominates v here.
V. CONCLUSIONS
We have found an approximate closed form solution for the reflection coefficient by
solving the fast wave approximation in a perturbation scheme where the ion cyclotron
damping is treated as a perturbation on an appropriate complex Budden equation. The
11
result agrees fairly well with the numerical solution in four test cases. The approximation
for pi in R (23) could probably be improved to yield better results. This together with
previous order-reduced descriptions" 9 , give approximate closed form expressions for all
of the scattering coefficients in ion cyclotron heating for all heating scenerios.
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APPENDIX: DERIVATION OF THE FAST WAVE EQUATION
We start with the standard zero-electron-mass, Vlasov-Maxwell local dispersion rela-
tion for ICRF where the dielectric tensor elements have been expanded to first order in
(kp) 2 . We neglect electron Landau damping and transit time damping. In the coupling
region we assume slab geometry in which the tokamak toroidal magnetic field is directed
along the z coordinate, and its gradient along x. The gradient scale length is R0 , the
tokamak major radius. The dispersion relation normalized to the majority Alfv~n velocity
CA is then
NI + NI(Ko - 2ANK1) - 2ANKO + N =0, (Al)
where c 2 = B2/ponimi, N1 = cAkI/W, K0 and K 1 are functions of c derived from the
expanded dielectric elements and AN is a parameter depending on N11. In the case of D(H)
for example
~ 2 _ _ _Ko -(-+ - +N) ± Z(), (A2)3 8 4N /H aH(,
K _ = Z (e (A3)4Ni aD
where all of the symbols are the same as those defined in Section III. If the limit of large
e is taken in (Al) we recover equation (3)
2 2 2ANT+A (A3
where -r is the constant terms of Ko. The dispersion relation (Al) can be rewritten in
the form
A2
N2 = 2AN - N
Ko + K1 N (A
The fast wave approximation amounts to substituing Nc for NJ in the right hand side of
(A4). The justification for this approximation is given in refs. 1 and 2. The basic idea is
that Ko + KiNI represents the IBW and it perturbs the FAW locally at N1 = N. If we
make the substitution -id/d4 for N1 in (A4) we get the fast wave equation (1). To recover
the form of (1) we let Ko + K 1 N, = -r + r, where r contains all of the dependence in
the Z functions. Extracting N2 from the left hand side of (A4) gives the form of (1).
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FIGURE CAPTIONS
Figure 1: A sketch of the real part (solid line) and the imaginary part (dashed line) of the
function q2 ( ) of the fast wave equation (1).
Figure 2: The approximate closed form solution (solid line) and the numerical solution (dashed
line) of the reflection coefficient R plotted against kIi for CIT case 1. See the text for
the parameters.
Figure 3: The approximate closed form solution (solid line) and the numerical solution (dashed
line) of the reflection coefficient R plotted against kli for CIT case 2. See the text for
the parameters.
Figure 4: The approximate closed form solution (solid line) and the numerical solution (dashed
line) of the reflection coefficient R plotted against kii for Alcator C-mod. See the text
for the parameters.
Figure 5: The approximate closed form solution (solid line) and the numerical solution (dashed
line) of the reflection coefficient R plotted against k1 for PLT. See the text for the
parameters.
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